Non-random sample selection is a commonplace amongst many empirical studies and it appears when an output variable of interest is available only for a restricted non-random sub-sample of data. An extension of the generalized additive models for location, scale and shape which accounts for non-random sample selection by introducing a selection equation is discussed. The proposed approach allows for potentially any parametric distribution for the outcome variable, any parametric link function for the selection equation, several dependence structures between the (outcome and selection) equations through the use of copulae, and various types of covariate effects. Using a special case of the proposed model, it is shown how the score equations are corrected for the bias deriving from non-random sample selection. Parameter estimation is carried out within a penalized likelihood based framework. The empirical effectiveness of the approach is demonstrated through a simulation study and a case study. The models can be easily employed via the gjrm() function in the R package GJRM.
Introduction
Non-random sample selection arises when an output variable of interest is available only for a restricted non-random sub-sample of the data. This often occurs in sociological, medical and economic studies where individuals systematically select themselves into (or out of) the sample (e.g., Lennox et al., 2012; Vella, 1998; Collier and Mahoney, 1996, and references therein) . If the aim is to model an outcome of interest in the entire population and the link between its availability in the sub-sample and its observed values is through factors which can not be accounted for then any analysis based on the available sub-sample will most likely lead to biased conclusions. Sample selection models allow one to use the entire sample whether or not observations on the output variable were generated. In its classical form, it consists of two equations which model the probability of inclusion in the sample and the outcome variable through a set of available covariates, and of a joint bivariate distribution linking the two equations. The sample selection model was first discussed by Gronau (1974) and Lewis (1974) . Heckman (1976) formulated a unified approach to estimating this model using a simultaneous equation system. In the classical version, the error terms of the two equations are assumed to follow a bivariate normal distribution where non-zero correlation indicates the presence of non-random sample selection. Heckman (1979) then translated the issue of sample selection into an omitted variable problem and proposed a simple and easy to implement estimation method known as twostep procedure.
Various modifications and generalizations of the classical sample selection model have been proposed in the literature and here we mention some of them. A non-parametric two-stage approach, which lifts the normality assumption, can be found in Das et al. (2003) . Non-parametric methods are also considered in Lee (2008) and Chen and Zhou (2010) . Semi-parametric approaches can instead be found in Gallant and Nychka (1987) , Lee (1994) , Powell (1994) and Newey (2009) . In the Bayesian framework, Chib et al. (2009) dealt with non-linear covariate effects using Markov chain Monte Carlo estimation techniques and simultaneous equation systems. Wiesenfarth and Kneib (2010) further extended this approach by introducing a Bayesian algorithm based on low rank penalized B-splines for non-linear and varying-coefficient effects and Markov random-field priors for spatial effects. Frequentist counterparts of these Bayesian methods are given in Marra and Radice (2013b) in the context of binary responses and Marra and Radice (2013a) for continuous Gaussian outcomes. Zhelonkin et al. (2016) introduced a procedure for robustifying the Heckman's two stage estimator by using M-estimators of Mallows' type for both stages. Marchenko and Genton (2012) and Ding (2014) considered a bivariate Student-t distribution for the model's errors as a way of tackling heavy-tailed data. Several authors proposed using copulae to model the joint distribution of the selection and outcome equations; see, e.g., who employed a Farlie-Gumbel-Morgenstern (FGM) bivariate copula. A more general copula approach, with a focus on Archimedean copulae, can be found in Smith (2003) . As emphasized for instance by Genius and Strazzera (2008) , copulae allow for the use of non-Gaussian distributions and have the additional benefit of making it possible to specify the marginal distributions independently of the dependence structure linking them. Importantly, while the copula approach is fully parametric, it is typically computationally more feasible than non/semi-parametric approaches and it still allows one to assess the sensitivity of results to different modeling assumptions. The aim of this work is to continue this stream of research.
In this paper, we introduce a generalized additive model for location, scale and shape (GAMLSS, Rigby and Stasinopoulos, 2005) which accounts for non-random sample selection. First, the classical GAMLSS is extended by introducing an extra equation which models the selection process.
Specifically, the selection and outcome equations are linked by a joint probability distribution which is expressed in terms of a copula. Moreover, using the developments available in the spline literature (e.g., Ruppert et al., 2003; Wood, 2017) , we model the relationship between covariates and responses by using penalized regression splines, thus capturing possibly complex relationships. Second, we show how the score equations are corrected for the bias deriving from nonrandom sample selection. To the best of our knowledge, this aspect has never been elucidated in the literature and provides an interesting insight into the correction mechanism underlying the selection approach. Third, we make the new developments available via the gjrm() function from the R package GJRM (Marra and Radice, 2018) .
Note that the approach to estimating sample selection models using copulae and penalized regression splines has recently been adopted by Wojtyś et al. (2016) , Marra and Wyszynski (2016) , Wyszynski and Marra (2017) and Marra et al. (2017) . The former only considers a Gaussian outcome, whereas the latter works deal with the cases of binary and discrete outcome distributions. This paper is concerned with providing a general modeling framework where any parametric link function and continuous distribution for the outcome can be utilized.
The remainder of the paper is organized as follows. Section 2 discusses the proposed sample selection GAMLSS as well as a special case which elucidates the nature of the non-random sample selection correction. Section 3 provides some estimation and inferential details. The finite-sample performance of the approach is investigated in Section 4, whereas a case study is presented in Section 5.
Sample selection GAMLSS
The proposed generalized additive sample selection model for location, scale and shape is structured as follows. We first assume that the outcome variable of interest can be described by a GAMLSS (Rigby and Stasinopoulos, 2005) . Then, in order to take the selection process into account, we extend the model by adding the so-called selection equation, which is specified in terms of a binary regression that makes use of an arbitrary parametric link function. The two equations are linked by using a bivariate copula. Finally, all parameters of the marginal distributions as well as copula are specified as flexible functions of covariates.
Model definition
Let Y * 2 denote the random variable of primary interest whose values are observed only for a subset of the individuals from a random sample. Moreover, let Y * 1 be the latent random variable that governs the selection process. The observed variables are
where symbol 1(·) denotes throughout an indicator function. Random variable Y 1 indicates whether the value of Y * 2 is observed. Variable Y 2 holds the observed value of Y * 2 and equals 0 if the observed value is missing.
Let F 1 (y * 1 |θ 1 ) and F 2 (y * 2 |θ 2 ) denote the cumulative distribution functions (cdf's) of the latent selection variable Y * 1 and of the output variable of interest Y * 2 , which depend on vectors of parameters θ 1 ∈ R p 1 and θ 2 ∈ R p 2 , respectively, where p 1 , p 2 ∈ N. Analogically, f 1 (y * 1 |θ 1 ) and f 2 (y * 2 |θ 2 ) denote the probability (density) functions of Y * 1 and Y * 2 . We specify the dependence structure between the two variables by taking advantage of Sklar's theorem (Sklar, 1959) . It states that for any two random variables there exists a two-place function, called copula, which represents the joint cumulative distribution function of the pair in a manner which makes a clear distinction between the marginal distributions and the form of dependence between them. An exhaustive introduction to copula theory can be found in Nelsen (2006) and Schweizer (1991) . We use the symbol C θ 3 (·, ·) throughout to denote a copula parametrized with θ 3 ∈ R p 3 , where p 3 ∈ N.
Let C θ 3 (·, ·) be the copula such that the joint cdf of (Y * 1 , Y * 2 ) equals F (y * 1 , y * 2 | θ 1 , θ 2 , θ 3 ) = C θ 3 (F 1 (y * 1 |θ 1 ), F 2 (y * 2 |θ 2 )) .
(2.1) Function C θ 3 always exists and is unique for every (y * 1 , y * 2 ) in the support of the joint distribution F . It is assumed that the unknown parameter vectors θ 1 ∈ R p 1 , θ 2 ∈ R p 2 and θ 3 ∈ R p 3 can be linked to predictors (containing regression coefficients and covariates) via known monotonic link functions g 1,j (·), g 2,j (·) and g 3,j (·) such that for k = 1, 2, 3 it holds that g k,j (θ k,j ) = η (k,j) for j = 1, . . . , p k , where the θ k,j are the components of the vectors θ k , i.e. θ k = (θ k,j ) j=1,...,p k . The predictors η (k,j) are assumed to depend on sets of covariates x (k,j) , so that η (k,j) = η (k,j) (x (k,j) ), where Table 1 : Definition of copulae implemented in GJRM, with corresponding parameter range of association parameter θ 3 , link function of θ 3 , and relation between Kendall's τ and θ 3 . Φ 2 (·, ·; θ 3 ) denotes the cumulative distribution function (cdf) of a standard bivariate normal distribution with correlation coefficient θ 3 , and Φ(·) the cdf of a univariate standard normal distribution. t 2,ζ (·, ·; ζ, θ 3 ) indicates the cdf of a standard bivariate Student-t distribution with correlation θ 3 and fixed ζ ∈ (2, ∞) degrees of freedom, and t ζ (·) denotes the cdf of a univariate Student-t distribution with ζ degrees of freedom.
dt. Quantities Q and R are given by 1 + (θ 3 − 1)(u + v) and Q 2 − 4θ 3 (θ 3 − 1)uv, respectively. The Kendall's τ for "PL" is computed numerically as no analytical expression is available. Argument BivD of gjrm() in GJRM allows the user to employ the desired copula function and can be set to any of the values within brackets next to the copula names in the first column; for example, BivD = "J0". For Clayton, Gumbel and Joe, the number after the capital letter indicates the degree of rotation required: the possible values are 0, 90, 180 and 270.
The usual characterization of the GAMLSS model is achieved, for instance, by setting θ 1 = (µ 1 , σ 1 , ν 1 ) and θ 2 = (µ 2 , σ 2 , ν 2 ), where µ k , σ k and ν k , for k = 1, 2, represent the parameters of the two marginal distributions. However, in general the marginals may depend on any number p 1 and p 2 of population parameters. The distributions for Y * 2 implemented for this work in the R package GJRM are the normal ("N"), log-normal ("LN"), Gumbel ("GU"), reverse Gumbel ("rGU"), logistic ("LO"), Weibull ("WEI"), inverse Gaussian ("iG"), gamma ("GA"), Dagum ("DAGUM"), Singh-Maddala ("SN"), beta ("BE") and Fisk ("FISK"); their definitions can be found in . For the binary selection variable Y 1 , probit, logit and cloglog models can be employed. The choice of the link function for modelling Y 1 determines the type of the distribution assumed for the latent selection variable Y * 1 . For example, if Y * 1 follows a normal distribution with mean θ 1 = θ 1,1 = η 1,1 and variance equal to 1 then a probit regression model arises. In this case, p 1 = 1.
Argument margins of gjrm() in GJRM allows the user to employ the desired link function and outcome distribution and can be set to any of the values indicated above within brackets.
For example, margins = c("cloglog", "GU"). The list of possible copulae, which are implemented in GJRM, is given in Table 1 .
A special case: one-parameter exponential families
In this section, we assume that Y * 2 has a density that belongs to the one-parameter exponential families, which is useful since it allows us to provide an interesting insight into the correction mechanism underlying the selection approach. In particular, Y * 2 is assumed to have a density of the form
for some specific functions b 2 (·) and c 2 (·), where η 2 is the natural parameter. Here, θ 2 = η 2 and
are the first and second derivatives of function b 2 (·), respectively (van der Vaart, 2000, p. 38) .
is an absolutely continuous random vector. Then the joint density
The log-likelihood function for such defined sample selection model can be obtained by conditioning with respect to the value of the selection variable Y 1 (cf. Smith (2003) , p. 108) and equals
Thus,
, which is implied by the very definition of likelihood. Hence
which has an intuitive interpretation: the probability of the output being observed given that its latent value is y 2 .
Using (2.2), the log-likelihood can be written as
Note that the first term in the expression above is equal to the score for the standard model, when the sample selection does not appear and hence Y 1 always equals 1 and
The second term corrects the score for sample selection bias. Using the fact that the expected value of the score is equal to 0 when evaluated at the true parameters η 1 , η 2 , θ 3 or, more generally, at their values that minimize the Kullback-Leibler loss, we obtain
Thus, the stronger the correlation between outcomes and selection mechanism, the further away from 0 the second term of the score is expected to be, hence implying greater influence on the
whereas the Fisher information for the model without sample selection is I(η 2 ) = Var(Y * 2 ).
Additive predictors and penalized regression spline representation
In line with the latest developments in the spline literature (e.g., Wood, 2017) , we assume the additive form for the model's predictors. That is,
To flexibly represent the components in (2.5), we employ the penalized regression spline approach (Eilers and Marx, 1996) . Specifically, for each v = 1, . . . , D k,j we approximate η
In the following equations, we drop the superscript of K (k,j) v to avoid an over-complicated display.
However, we have to bear in mind that
still depends on k and j. We define vectors
can be written as xβ where the row vector x holds the values of
. . , p k , and k = 1, 2, 3. The row vectors x evaluated for each one of n observations in the random sample will form the design matrix X.
whose role is to enforce, during fitting, specific properties of the function η 
The set up described above can allow one to account for several types of covariate effects such as linear, non-linear, spatial, random and functional effects. We refer the reader to Wood (2017) for the exact definitions of the spline bases and penalties for the above mentioned cases.
Some estimation and inferential details
For a given n ∈ N, assume that (Y 1i , Y 2i ) n i=1 are independent random variables related to covariate values x (k,j) i
and Y * 2i are distributed according to (2.1). Let F 1i and F 2i denote the distribution functions of Y * 1i and Y * 2i , and let F i (·, ·) be the joint cdf of the pair (Y * 1i , Y * 2i ). In order to estimate the overall vector of parameters β, we employ a penalized likelihood approach to avoid overfitting. The log-likelihood given the observed random sample (y 1i , y 2i ) n i=1 is given by
if the outcome is continuous, based on (2.3). The penalized log-likelihood is given by
Estimation of β and λ is achieved by adapting to this context the stable and efficient trust region algorithm with integrated automatic multiple smoothing parameter selection by Marra et al. (2017) . This required working with first and second order analytical derivatives which have been tediously derived and verified using numerical derivatives. All relevant quantities have been implemented in a modular way. This means that no substantial programming work will be required The theoretical properties of the proposed estimator could be studied by considering a fixed number of knots for the basis functions, in which case n 1/2 asymptotic results can be straightforwardly obtained.
Software
The models can be employed via the gjrm() function in the R package GJRM (Marra and Radice, 2018 ). An example of call is
md <-gjrm(fl, margins = c("logit", "WEI"), BivD = "PL", Model = "BSS")
where fl is a list containing four equations (the first for the selection equation, the second and third for the two parameters of the response distribution, and the fourth for the copula dependence parameter), margins specifies the marginal distributions and BivD the copula. Argument Model = "BSS" means that a bivariate model with sample selection will be employed.
Simulation study
The aim of this section is to assess the empirical properties of the proposed modelling approach. To this end, we consider three main scenarios. In scenario I, we use logistic and gamma margins which are linked via the Clayton copula with parameter θ 3 = 3 (equivalently, Kendall's τ = 0.6). Here, only the means of the marginal distributions are specified as functions of additive predictors. Specifically,
Scenario II is essentially the same as scenario I but both margins are Gaussian, with identity link functions, and the copula employed is the Gumbel with θ 3 = 2.5 (Kendall's τ = 0.6).
In scenario III, data are generated using Gaussian and Gumbel margins, and the Joe copula.
In this case, all the parameters of the bivariate distribution depend on additive predictors. That is,
where α 0 = −0.8, α 1 = −1.3, α 2 = 1, β 0 = 0.1, β 1 = −0.9, β σ 0 = 0.5, β σ 1 = 1, β θ 0 = 1.1, β θ 1 = −1.4, s 1 (x) = x + exp(−30(x − 0.5) 2 ), s 2 (x) = sin(2πx) and s 3 (x) = 0.6(e x + sin(2.9x)). Note that the marginal distributions are parametrised according to .
The simulated data-sets consist of two continuous outcomes, one binary covariate and two continuous regressors. The first continuous response is dichotomised since it refers to the selection equation. Sample sizes are set to 1000 and 5000, the number of replicates to 1000, and the models fitted using gjrm() in GJRM. Each smooth function is represented using a penalized low rank thin plate spline with second order penalty and 10 basis functions. For each replicate, smooth function estimates are constructed using 200 equally spaced fixed values in the (0, 1) range (e.g., Radice et al., 2016) . Exact details on the generation of the simulated datasets are given in Appendix A available in the online supplementary material.
Results
In this section we focus on the results obtained for the outcome equation, which is the one of interest, as well as for the Kendall's τ . Figure 1 displays the findings for the case of data generated according to scenario I. In this case, estimates are shown for the models based on:
• logit and gamma margins with a Clayton copula (the correct model);
• logit and inverse Gaussian margins with a Clayton copula (the outcome distribution is misspecified);
• logit and gamma margins with the classic Gaussian copula (the dependence structure is misspecified).
We chose the inverse Gaussian since it has the same mean as that of the gamma , hence facilitating the comparison of estimates. When the model is correctly specified, all mean estimates are very close to the true values and, as expected, their variability decreases as the sample size increases. Misspecifying the marginal outcome distribution has a substantial detrimental impact on all the parameter estimates, hence stressing the importance of choosing a suitable outcome distribution in practical situations. Using the incorrect dependence structure also affects the estimates (although in a less pronounced manner), hence emphasizing the potential benefits of allowing for non-Gaussian structures. We also fitted models based on other copulae (such as Frank, FGM, AMH and Joe available in GJRM) and the findings were similar. Moreover, the correct model was always selected by criteria such as AIC and BIC. Misspecifying the link function (using probit and cloglog links) for the selection equation did not significantly affect the results. Perhaps this is not surprising given that all links produced very similar predicted probabilities for the selection response variable. Nevertheless, the availability of different link functions allowed us to assess the impact of this misspecification on the parameters of interest.
Using a 2.20-GHz Intel(R) Core(TM) computer running Windows 7, model fitting took on average 2 seconds for n = 1000, and 7 seconds for n = 5000. Increasing the number of basis functions to 20 did not have a noticeable impact on the results but increased computing time by about 20% on average. Moreover, using other spline definitions (such as penalized cubic regression splines and P-splines) virtually led to identical results. These findings were somewhat expected and have also been documented in similar contexts by Wood (2017) .
The results for scenario II are given in Figure 2 . Estimates are shown for the models based on:
• probit and Gaussian margins with a Gumbel copula (the correct model);
• probit and Gaussian margins with the classic Gaussian copula (the dependence structure is misspecified).
The conclusions are similar to those obtained for scenario I. Specifically, for the correctly specified model the mean estimates are close to the true values and the variability of the estimates decreases as the sample size grows large, whereas using the incorrect dependence structure affects negatively all the parameter estimates. Using various copulae, the correct model was always picked by AIC and BIC and link function misspecification did not significantly alter the estimates. Also, computing times were similar to those found for scenario I and increasing the number of basis functions and using different spline's definitions did not have a tangible impact on the results. We have not reported the results obtained when misspecifying the marginal outcome distribution as these were nearly identical to those obtained for scenario I.
The results for scenario III are given in Figure 3 and are based on probit and Gumbel margins with a Joe copula (the correct model). This scenario is more complex than the previous ones in that all distributional parameters are specified as functions of covariates. The findings show that the approach can estimate all the model components fairly well, and that the estimates improve as the sample size increases. The components in the additive predictor of the dependence parameter are estimated less precisely than those of the others. This indicates that the effects of covariates on the association between the selection and outcome equations may be more difficult to estimate. This is reasonable given that the likelihood contributions for the association parameter come from the selected sample of observations only. Average computing times were about 16 seconds for n = 1000, and 42 seconds for n = 5000. We also tested the models under misspecification of the dependence structure and marginal outcome distribution. In the former case, the findings were similar to those for scenarios I and II; using the incorrect copula affects adversely the parameter estimates in terms of bias and efficiency. In the latter case, the models failed to converge in many of the iterations (55% for n = 1000 and 43% for n = 5000) and for the converged models computing times were between 20 and 30 times those reported above. This highlighted the importance of choosing an appropriate distribution for the outcome variable, especially when the model specification is complex. 
Empirical application
As a real world application, we consider the study of the effects of insurance status and managed care on hospitalization spells previously analysed by If the link between hospital admittance and the spell of hospital stay is not through observables alone then sample selection bias arises and using a univariate regression approach is not adequate.
These data were studied by who motivates the use of the gamma distribution to model the length of hospital stay, uses a probit selection equation, and fits three models based on the assumption of independence, and on the Gaussian and FGM copulae. All the covariates entered the selection and outcome equations parametrically. Importantly, Prieger found that nonrandom sample selection was present and, based on various criteria, chose the FGM copula which produced a negative and significant estimated dependence between the two equations.
We re-analyse these data by considering a wider set of marginal outcome distributions, link functions and copulae. We also employ smooth functions of age and years of education (using the same set up as the one described in the simulation study), and specify all parameters of the marginal distributions as functions of additive predictors.
Regarding the marginals, we chose the probit link and found that the inverse Gaussian instead of the gamma distribution provides the best fit as judged by the plots of normalised quantile residuals and information criteria (see Figure 4 ). Using the logit and cloglog links for the selection equation did not affect the results. As for the choice of copula, we started off with the Gaussian, Frank, FGM, AMH, Student-t and Plackett (since they allow for both positive and negative dependence) and then employed all of the remaining copulae that were consistent with the sign of dependence found. For this empirical application, we tried all copulae available as there was not a clear indication of positive or negative dependence. In all cases, the values for Kendall's τ were very close to zero as well as non significantly different from zero for those copulae admitting both positive and negative association. The AIC and BIC values across copulae were fairly close in most cases (see Table 2 ). This was somewhat expected given that no significant association between the equations was detected with all copulae.
Appendix B shows the summary output obtained from the final model which is based on the 270 • -rotated Clayton copula and probit and inverse Gaussian margins. Employing other copulae (for instance, G180, G90, J90) produced nearly identical results. The main findings are summarised below.
• As argued by , the association (positive or negative) between admittance and length of stay may suggest the presence of specific selection mechanisms. He also states that there is no a priori expectation on the sign of the dependence. As opposed to Prieger's finding of a negative association between the selection and outcome equations, we found that nonrandom sample selection is not present when using the inverse Gaussian (the distribution supported by the data). However, when using the gamma as the outcome distribution and the FGM copula (as well as other copulae such as Gaussian, Frank, Student-t and Plackett)
we found that the association parameter is negative and significant (e.g.,τ = −0.514 with These findings are consistent with those of which the reader is referred to for a more thorough discussion.
The estimated smooth functions for age and years of education are displayed in Figure 1 given in Appendix B. The effect of education is not significant and nearly linear (see also respective p-value reported in the summary output). On the other hand, the effect of age is significant and non-linear; its shape suggests that age decreases the probability of hospital admittance up to about 45 years and then increases such probability afterward. This may be due to the fact that age embodies productivity and life-cycle effects that are likely to affect the responses considered in this study non-linearly.
• Outcome equation: from the summary output for equation 2 we observe that poorhlth and adlhelp significantly lengthen the stay in hospital, hmopriv decreases the stay, that privins does not influence the outcome, and that medicare decreases the duration of stay. Our findings are in agreement with those by . Note, however, that different distributions and parametrizations are employed in two analyses, hence an exact comparison is not possible.
The estimated smooth function for years of education (not shown here) is linear and nonsignificant (as also supported by the respective p-value in the summary output). Figure 5 shows the effect of age on the average hospital stay duration. It suggests that as age increases the average length of hospital stay increases up to the age of 35, decreases and then increases again after 45. It may be argued that, given the width of the confidence intervals, a straight line relationship is also suitable here. as those for the copula model's outcome equation. This is not surprising given that, as discussed previously, no significant association between the selection and outcome equations was found.
• Copula models where dependence parameter θ 3 was specified as a function of various combinations of covariates were also fitted. This allowed us to capture potential heterogeneity in the selection process, hence possibly justifying the overall non significance of the dependence parameter potentially due to compensating effects. However, the results consistently pointed to the lack of significant association between the selection and outcome equations.
The analysis presented in this section has extended Prieger's one by considering a wider set of marginal distributions and copulae as well as non-linear covariate effects. Using the proposed modeling framework we found evidence of non-linearity for some covariate effects and that nonrandom sample selection does not seem to be present when employing the outcome distribution that is most supported by the data (inverse Gaussian). Although the absence of selection bias may be regarded as a 'non-finding' at first, we argue that our result still has important implications for the study of selection bias since using a more restrictive set of modelling choices may lead to unfounded speculations on the presence of certain selection mechanisms.
Discussion
We have introduced an extension of GAMLSS which accounts for non-random sample selection. The proposed approach is flexible in that it allows for different parametric distributions of the selection and outcome variables, several types of dependence structures between the model's equations, and for various types of covariate effects. Using the special case of one-parameter exponential families, we have elucidated the nature of the correction mechanism underlying the selection approach. Parameter estimation is carried out within a penalized likelihood framework based on a trust region algorithm with integrated smoothing parameter selection. The approach has been illustrated in simulation and through a case study. All new developments have been incorporated in the R package GJRM (Marra and Radice, 2018) .
Many marginal distributions and copulae have been considered in this work and we plan on extending the set of choices available. Future research will look into generalising the proposed sample selection GAMLSS framework to empirical situations where rules of double selection exist (e.g., Smith, 2003; Zhang et al., 2015) , exploiting for instance C-and D-Vine constructions.
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Appendix A: R code to generate data for scenarios I, II and III For the first two scenarios, data were generated using the following R code. Package copula (Yan, 2007) contains functions archmCopula(), mvdc() and rMvdc() which allow one to simulate from the desired copula. Package gamlss.dist contains all the functions required to simulate the marginals adopted here, and rMVN() (from GJRM) allows one to simulate Gaussian correlated variables. The correlation matrix used to associate the three simulated Gaussian covariates is cor.cov, whereas cov <-pnorm(cov) allows one to obtain Uniform(0,1) correlated covariates (e.g., Gentle, 2003) . A balanced binary regressor is created using round(cov [, 3] 
